The extension of the time dependence of Kepler's equation into the quantum regime is achieved by generalizing the wave function by the help of which the authors recently derived the classical Kepler orbits as mean values of position and velocity observables. In the wave function, time dependence, at first, is hidden in a scalar curve parameter w. Two additional parameters are introduced into the wave function and fixed in such a way that the mean energy and mean angular momentum are constant with respect to w to first order beyond the classical limit. The time dependence w = w(t) will be inferred from the property that the mean value of the velocity equals the time derivative of the mean position vector, which amounts to a three-dimensional differential equation for the scalar function w. The fulfillment of energy and angular momentum conservation guarantees the consistency of the three equations. The eccentricity parameter e is well defined in the quantum regime by the conservation of mean energy, and the intervals 0 ≤ e < 1 and e > 1 still separate the regions of negative and positive mean energy, respectively. On the other hand, since the mean orbits generally are not anymore closed, concepts of cone sections like ellipse or semi-axis are not strictly justified in the quantum regime.
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Introduction
In this article, we extend our previous work on the quantum mechanics of Kepler orbits [16] with the aim to elaborate the first order quantum correction to Kepler's equation which describes the time dependence of orbits in terms of a curve parameter w (2 w is the eccentric anomaly in the case of ellipses). In [16] , we had failed to infer the quantum correction from the vectorial mean value relation
where it is assumed that time dependence enters through the parameter w = w(t), only. The latter implies that the solution of (1) for the scalar w must be consistent for all three components. Consistency, however, was achieved to leading order only which yielded the classical Kepler equation without quantum correction. In (1) , where r and v denote the position and velocity observable, respectively, the first equation is a rigorous quantum mechanical relation provided the initial state evolves according to the Schrödinger equation.
The failure to solve (1) for a scalar parameter w(t) possibly implies that the curve parameter w used cannot be extended into the quantum mechanical regime. However, we will keep this parameter and actually successfully extend our previous ansatz for the wave function [16] by introducing further disposable parameters within a perturbation scheme. The order of magnitude parameter κ adopted [15, 16] , essentially, equals the orbital angular momentum L in units of . The classical limit is defined by large κ 1. Its reciprocal, = 1/κ, will be used as a smallness parameter.
As in [16] , we first examine the case of positive energy values which is related to hyperbolic orbits in the classical limit. The results for negative energy values will be obtained by analytical continuation to purely imaginary curve parameters.
The classical "hyperbolic" Kepler equation reads ( W = 2 w), see [13] , e.g.,
where x I is the length of the mean initial vector from the gravitational center; e and m denote the eccentricity and the mass of the orbiting body, respectively. As shown in [16] , N 0 is equivalent to the standard expression
where α denotes the coupling constant of the potential V (r) = −α/r. The structure of the wave function to be used is characterized as
where, as compared to [16] , we point out γ 0 as an additional parameter, and v I denotes the length of the mean initial velocity which is normal to the mean initial vector; by the first order correction, both initial values will be renormalized from the zero order initial values r 0 and v 0 . In (4), γ 0 and ν are disposable parameters which we choose in the following form:
For = 0, the constant ν has to be larger than zero, but is otherwise arbitrary. The choice ν( = 0) = 1 is for convenience and simplifies formulas. As to γ 0 , the leading order, with = 0, corresponds to Eq. (41) of [16] , a necessary condition to reproduce the classical Kepler orbits. In (5), we consider both e and {γ 1 , ν 1 } as disposable parameters. As a matter of fact, we need to dispose of e in order that the mean energy, to leading order, does not depend on the curve parameter w, whereas the two other parameters are necessary for energy conservation to the next higher order. As a consequence, the eccentricity, e, is still well defined and can be expressed by the initial parameters x I and v I in full analogy to the classical case, see next section.
The fulfillment of the two conservation laws turns out to be crucial in order that the 3-dimensional equation (1) can be consistently solved, up to error terms of higher order, for the scalar curve parameter W = 2w:
We have dwelled some time in a propagator method, which principally can deliver the time dependence for any initial state, as follows:
If the propagator K is known, we could apply it to our initial state with curve parameter w = 0. The propagator is related to the Green function G, for which, in the case of the Coulomb problem, various analytical results exist. The connection between propagator and Green function reads (i = √ −1))
The Coulomb Green function G was derived, e.g., in [17] in the form of a 1-parameter integral representation, and in [8] , [9] in terms of the two Whittaker functions M and W, for definition, see [3] , e.g. One difficulty we were confronted with was how to relate the classical limit κ 1 to standard asymptotic formulas of the Whittaker functions [4] . We found that the simplification by compact asymptotic expressions is a prerequisite to perform the energy integral in (8) . Special results of the Coulomb propagator were published in [1] , [2] , e.g., with respect to the diagonal form, in [10] , [14] with respect to the off-diagonal properties, and in [11] , [18] with respect to the Wentzel-KramersBrillouin approximation. Eventually, we decided in favor of the more pedestrian method to follow. Whereas, in the classical limit, the time dependence of the curve parameter, w = w(t), is defined for time t ≥ 0, we find limitations in the quantum and "elliptic" regime. The quotation marks indicate that the mean orbits are not any more closed, in general, and, thus, concepts of cone sections like semi-axis or ellipse become obsolete. On the other hand, the eccentricity parameter e is still well defined by the mean energy of an orbit, and the cases 0 ≤ e < 1 and e > 1 continue to distinguish between negative and positive mean energy, respectively.
As in [16] , the perturbation scheme presented is based on the assumption that the angular momentum in units of is a large number. Rectilinear and nearby orbits are, thus, excluded from consideration.
In the next section, we briefly sketch the derivation of the coefficients stated in (5) from the conservation of angular momentum and energy. Actually, it would not be unscientific to guess these values (with zero chance, most likely), since, with the aid of the stated γ 1 and ν 1 , the equations (1) are consistently solved for the time behavior of the curve parameter W . In Sec. III, the mean values r and v are determined which are needed in (1) and have to be recalculated in view of the new parameters (5). In Sec. IV, the quantum correction to Kepler's equation will be derived from (1) for e > 1, and a condition is worked out for the time dependence W (t) being a one-one function. In Sec. V., results for 0 ≤ e < 1 are derived by means of analytical continuation. In Sec. VI, examples are presented in the domain 0 ≤ e < 1 and, by two figures, the finite definition domain for the time dependence W = W (t) is demonstrated. After the Conclusions, in Appendix A, formulas given in Eq.(60) of [16] are extended by implementing the generalized parameters (5). In Appendix B, the mean value of the angular momentum L ∈ R 3 is calculated. For the algebraic manipulations of this paper, Mathematica [19] was of great help.
Conservation laws
The wave function, defined by Eqs. (28) and (29) in [16] , depends on γ 0 and ν in general form. As a consequence, we can take over all mean value results of [16] as long as these two parameters are not specifically disposed of. Since L is not determined in [16] , we give details of the calculation in Appendix B.
We find
As a consequence, the mean angular momentum is constant to the two leading orders in , provided the parameter ν 1 does not depend on the curve parameter w; otherwise, ν 1 is still an arbitrary constant. Constant mean energy H implies, of course, that it must have the same value with respect to w ≥ 0 by the two leading orders in ≡ 1/κ. In the next section, it is shown that the mean initial velocity v I and κ obey the relation
The leading mean energy, being of order of magnitude mv 2 I /2, is, thus, proportional to κ 2 ≡ 1/ 2 , so we write
where the H 0 term corresponds to the classical limit. We have to distinguish the three cases 
where v c corresponds to the "circle" case e = 0. Some comments are in order.
The eccentricity e turns out to be well defined also beyond the classical limit because it is fixed uniquely by the energy conservation law. Herewith, also the case of zero eccentricity is well defined together with the corresponding mean initial speed v c . At e = 0, we get a circle orbit in the classical limit. However, with the quantum correction, the mean orbit is not any more closed, in general, as will be discussed in Sec. VI. We, therefore, sidestep using the symbol for the semi-major axis, which instead we write in terms of the mean initial position x I and the eccentricity e. In view of the energy laws of the Kepler problem in celestial mechanics, we require the following energy conditions:
Since the leading order H 0 does not depend on γ 1 and ν 1 , the only parameter left for the H 0 condition is the eccentricity e. As for H 1 = 0, which must hold identically with respect to the curve parameter w, we have available the parameters ν 1 and γ 1 where the latter could be a function of w. By a proper choice of ν 1 , the parameter γ 1 comes out as a constant; actually, the given choice for ν 1 is necessary, in order that γ 1 does not get singular at w = 0. We introduce the dimensionless magnitude
After quite some efforts, in particular, with respect to mean value calculations, the results can be written in a unified form for the three cases (a), (b), (c):
In the interval 0 ≤ e < 1, the parameter γ 1 becomes imaginary. At fixed mean initial distance x I , the range of E > 0 covers the whole interval v I > 0 of the mean initial velocity. Moreover, by (12) and (13) the domains of positive and negative mean energy, are characterized, as in the classical case, by the eccentricity with e > 1 and 0 ≤ e < 1, respectively. The eccentricity is fully specified by E in terms of the mean initial parameters x I , v I , and the coupling constant α.
Mean position and velocity
In Sec. 5.1 of [16] , the mean position components are stated in the following form:
;
where the functions κ i are taken over from [16] in Appendix A, below. We remark that the result z = 0 comes out without approximation. At the initial parameter w = 0, we obtain, with f (0) = f * (0) = h(0) = 1 and ν = 1 + ν 1 ,
We have, therefore, to eliminate r 0 in the original formulas of [16] in terms of the "measured" initial distance x I by the relation
With
the initial condition on the position vector is fulfilled to leading orders in . We set X 0 = X 00 + (X 01 + X 02 ), where X 01 stems from the re-normalization of r 0 and X 02 from the dependent terms of γ 0 , see (5) . In X 1 , which is an order term, we can set r 0 = x I , ν = 1, and γ 0 = (e + 1)/(e − 1). We obtain
Due to the re-normalization of r 0 , there is partial compensation with (X 01 + X 1 ) = 0, so we arrive at
Analogous compensation occurs in the y component with the result
The mean velocity components are inferred from Appendix C and Sec. 5.2 of [16] , where we replace K → h(w)κ,
At initial time with w = 0, we obtain, as was anticipated in (10),
(24) By (24), the order of magnitude parameter κ = 1/ is fixed by the initial value v I in the form
where L cl denotes the classical angular momentum. Once more, the initial condition on the velocity is fulfilled to the two leading orders.
For the evaluation of the velocity mean values, one uses the generalized κ i functions in Appendix A and takes advantage of the fact that U 1 and V 1 can be taken at = 0. In the term κ 0 /(1 − ν 2 ) of V 0 , one should first cancel out the (1 − ν 2 ) factor of κ 0 and then expand with respect to . We obtain the following results:
It should be noticed that u 1 and v 1 contain contributions of order from U 0 and V 0 , respectively.
Time dependence for eccentricity larger one
In this section, we solve (1) within a perturbation scheme by means of the curve parameter W defined in (6) . We use the abbreviations
and anticipate the following results to be proved further below:
The solution (29) of (28) is the classical hyperbolic Kepler equation, see [13] , e.g., which was quantum mechanically derived in [16] . To next higher order, we obtain
The solutions are well defined as long as W is in one-one correspondence with time t ≥ 0. This is true within the following interval of the perturbation parameter :
Condition (32) is restricted to the first order perturbation with respect to ≡ 1/κ. In order to derive the results above, we start by inserting γ 1 and ν 1 , according to (15) , into the mean value expressions (21), (22), (26) 
.
We remark that the parabolic limit with e → 1 is not singular after the standard re-scaling w → √ e − 1 w has been applied. Using (6), we insert w = W /2 into the mean value expressions (33), and Taylor expand with respect to by zero and first order with the result
where
e − 1 ; y 0 (t) = x I e + 1 e − 1 sinh (W 0 (t)) ;
From (1), we get, to leading order and for the x component, the differential equation (28) for W 0 . The y component leads to the same differential equation.
The first order term of the x component of (1) gives rise to the linear differential equation (30) for W 1 (t), where we made use of (28) for d t W 0 (t).
The corresponding differential equation of the y component of (1) turns out to be just a multiple of (30), the factor being − √ e 2 − 1 coth (W 0 (t)). This means consistency of the two first order differential equations for the scalar function W 1 . Integration gives the result (31), which can be verified by inserting it into equation (30) and by making use of the zero order solution (29).
For the definition domain (32), we examine the property d t W > 0. To this end, we derive from (30) and (28):
In (37), we made use of the solution (31) for W 1 (t). The crucial factor for positivity, B(W 0 ), depends on time trough W 0 only, and by (28) W 0 is monotonically increasing with t. It is, thus, sufficient to examine B as a function of W 0 ≥ 0. We show that, in the interval (32), the derivative dB/(dW 0 ) is positive together with the initial value B(W 0 = 0) > 0.
The B 1 term can be estimated for e ≥ 1 as follows:
which tells that B does not increase with increasing and implies that for 0 ≤ ≤ 1 we have
It is easy to see that B 2 ≥ (e − 1)W 0 with the consequence that
As a preliminary result, we have proven that the function B is monotonically increasing with increasing W 0 ≥ 0. We are left to check for the initial value
which is positive, provided 0 ≤ < 2/3 as claimed in (32).
Analytic continuation to smaller-one eccentricities
In the following, we continue the curve parameter W ≡ 2w into the complex plane by the map
which includes the "parabolic" limit, e → 1, in a continuous way. The analytic continuation proceeds from the hyperbolic to the elliptic side. After going from e > 1 to the elliptic side with e < 1, we restore scaling by setting
Sign ambiguity from the square root √ e − 1 = ±i √ 1 − e cancels out in the mean values of position and velocity together with Kepler's equation. The transformation (43) with (44) can be applied to the end formulas for W 0 (t), W 1 (t), r(t), v(t); analytical continuation from the start gives the same results.
Kepler's equation with quantum correction
From (27), we define ω 0 > 0 from N 0 as
From (29), we infer, thus, the classical Kepler equation for elliptic orbits:
Quantum correction results from (31) by setting W 0 = i Q 0 and W 1 = i Q 1 :
Let us increase Q 0 by 2π, then by (46) the corresponding time increase ∆t obeys the relation ω 0 ∆t = 2π.
There corresponds a shift of Q 1 as
Suppose, we start at t = 0, where Q 0 = 0. Then, after n periods ∆t, the curve parameters attain the values Q 0 (n∆t) = 2π n, Q 1 (n∆t) = −4π n/(1 − e), 0 ≤ e < 1, n = 1, 2, . . . .
In the combined parameter Q = Q 0 + Q 1 ,
the quantum correction Q 1 causes a negative shift. For the definition domain of time t, we have to examine the condition d t Q > 0. Analogously to (37), one obtains
Since
the factor C(Q 0 ) = B(i Q 0 ) is decisive for positivity, and there is a breakdown at the first zero C(Q 0c ) = 0. At variance with the hyperbolic case (37), we have now a "secular" term proportional to Q 0 sin(Q 0 ) which can attain arbitrarily large positive and negative values which cannot be compensated by the remaining terms in the function C, since | cos(Q 0 )| ≤ 1. For small , the first zero Q 0c is of order 1/ ≡ κ. This means that the breakdown of our first order scheme occurs at the time
Some examples are given further below for relatively small parameters (1/ ) ≡ κ > 1. At the curve parameter Q 0 = Q 0c , the rotation sense of the trajectories is inverted and violates conservation of angular momentum, for demonstration see Fig. 1 and Fig. 2 .
Orbits with quantum correction
We confine ourselves to the case v I ≥ v c , where v c denotes the mean initial speed which leads to the eccentricity e = 0. Up to error terms of order 2 , the analytically continued orbit components follow from (35) and (36):
In (55) and (56), one may remove the "secular" terms which are linear in Figure 2 : As Fig. 1 , but for eccentricity e = 0.5. The curve covers the parameter interval 0 ≤ Q 0 ≤ 6.5. Actually, for 1-1 correspondence of curve parameter and time t, the definition interval has to be confined to 0 ≤ Q 0 < Q 0c ≈ 5.1188, which excludes fake rotation inversions.
Q 1 , with the aid of the relations
to write
For small mean values of the initial speed, with 0 < v I < v c , one has to replace e by (−e), see [16] .
Examples

Mean orbit for zero eccentricity
Setting the eccentricity e = 0, we obtain from (60) and (61)
At the discrete time steps t n = n∆t, n = 0, 1, 2, . . . , we obtain in view of (50)
If δ is an irrational number, then by Jacobi's Theorem [5] , the map n → {x n , y n }, n = 0, 1, . . . covers densely the classical circle of radius x I . On the other hand, if time t is continuous, then we write the orbit vector r = {x, y} in the following form:
with the two unit vectorŝ
By (64) and (65), the orbit appears like the superposition of a circular deferent of radius x I and a shifted epicycle of radius x I /2. However, at variance with the standard concept of epicycles in the history of celestial mechanics, see [6] , e.g., the motion is not quasi periodic in terms of two frequencies ω 0 and ω 1 , since
The distance r of an orbit point from the (gravitational) center is given by
As a consequence, for small , the mean orbit at zero eccentricity is confined to a ring between the radii x I + and x I − , in general. The above deviations from the classical orbit are of order x I . Though of quantum origin, they are deterministic and, at any given time, characterized by a well defined mean position and mean velocity. However, when one makes a measurement at time t, then there is quantum mechanical uncertainty. As a matter of fact, as was shown in [16] , the mean square root deviations of the coordinates x or y are of the square root order x i √ . For small ≡ 1/κ, the above deterministic deviations from the classical orbit, which are linear in , are hidden within the quantum fluctuations. We remark that to lowest order in , the formulas for the mean square root deviations in [16] are valid also in the present case, provided one sets ν = 1.
It should be noticed that the orbit is not periodic for irrational values of the smallness parameters .
The case of non-zero and smaller-one eccentricity
From (60) and (61), we determine the mean distance, r = x 2 + y 2 , of the orbiting mass from the gravitational center including the first order terms:
As a function of the parameter Q , r 0 describes the classical elliptic orbit corresponding to the eccentricity e and the peri-center distance x I . By using Q from (44) and (47), we examine r 1 as a function of Q 0 . As it turns out, for small , the maximal deviation lies close to Q 0 = π with
This tells that the (deterministic) deviations of the mean orbit from the classical ellipse r 0 (Q ) are of the order ± x I /(1−e), which has to be compared with the quantum fluctuations proportional to the square root, √ ; see comments to (67).
The parabolic limit e → 1 needs special consideration, since, actually, r 1 can diverge only after an infinite time span. To see this, we go back the Kepler's equation (46) to notice that the frequency ω 0 vanishes for e → 1. This means that, for e close to 1, a small increment of the curve parameter Q 0 would cause a large time increment. So, we have to re-scale the curve parameter Q 0 →Q 0 with
In the limit η → 0, one derives from (46) and (47) the following behavior of the deviation from the classical parabola
The parabolic limit is defined, since the function C(Q 0 ) turns out as
which, obviously, is larger than zero, and, thus, fulfills the condition d tQ > 0. The same time behavior as in (71), with power 2/3, is implicit in Sec. 8 of [16] , however, the amplitude scale is proportional to √ rather than to with the consequence that, for small , the deterministic deviations by r 1 are drowned out in quantum noise. In the example of an artificial satellite discussed in [16] , the time parameter T p ≈ 3.5 h and a mean square root deviation of 1 m would be observable after about 10 21 y, i.e. practically unobservable.
Conclusions
By means of the wave function established above, not only the classical Kepler orbits can be analytically derived as mean values of position and velocity, but also the quantum regime is entered through a generalized Kepler equation which connects a curve parameter (of eccentric anomaly type) with time. At the beginning of our investigations was Gerry's work [7] which exploited the relation between the three dimensional Coulomb problem and a four-dimensional isotropic harmonic oscillator, in order to derive the elliptic orbits quantum mechanically. To our opinion, the progress made by [15, 16] is due to the construction of coherent oscillator states for imaginary oscillator frequencies. This opened access into the hyperbolic region [15] ; by means of analytical continuation, also the elliptic region including the parabolic boundary was explored [16] . The concept of pseudo-time and a hardly feasible constraint upon the wave function are not necessary anymore. The approach is perturbative in the smallness parameter which essentially means the reciprocal of the angular momentum in units of . To leading order, the classical Kepler orbits are recovered, except for rectilinear ones where the angular momentum vanishes. By the next higher order, the orbits cease to be closed curves. Among the geometrical cone section notions, the eccentricity survives and is still well defined by the conservation of energy. In the case of negative mean energy, which corresponds to the eccentricity interval 0 ≤ e < 1, the perturbation scheme presented is defined in a bounded time interval 0 ≤ t < T c with T c being of the order 1/ . The deviations of the mean orbits from the classical ones are deterministic, though of quantum mechanical origin. They are of order , whereas the competing quantum fluctuations are of order √ and, thus, clearly predominant for small ≡ 1/κ.
Appendix A: List of generalized kappa functions
In the following, we generalize the functions κ i , i = 0, 1, . . . 6 defined in Eq.(60f) of [16] by substituting for γ 0 and ν the expressions given in (5).
Appendix B: Mean value of angular momentum
We adopt the integration method via the 4-dimensional configuration space according to Sec. 4.2 of [16] ; the method makes use of the Kustaanheimo-Stiefel transformation [12] .
In terms of the vector u = {u 1 , u 2 , u 3 , u 4 } ∈ R 4 , the three space components read
Furthermore, the velocity operator attains the following form (for the irrelevance of spurious terms omitted here, see [16] ):
The initial wave function is taken from Sec. 3 of [16] :
where, in terms of the abbreviations C 0 = cos(Φ) and S 0 = sin(Φ),
We introduce the abbreviations
and continue Ψ 0 to the curve parameter w > 0 as follows:
According to Sec.4.3 of [16] , expectation values of an operator P are calculated as follows,
where it is supposed that the integrand depends on the difference φ = Φ − Φ only. In the case of L z , the operator P is defined as
The application of P z to the wave function ψ w give rise to
In the integrand (B9), the metric factor u 2 cancels out against the factor 1/u 2 of the amplitude function p z . Then, the components u i of the amplitude function p z are generated by parameter differentiation
which leaves us with Gaussian integrals in (B9):
The differentiations with respect to A i give rise to the following mean value expression:
After substituting into (B14) the explicit expressions of A, a, and Γ R , one obtains with the aid of the formula list in Appendix A:
The φ integration leads to modified Bessel functions of order zero and one, ) , respectively, where in view of K 1, we made use of the asymptotic formulas for the modified Bessel functions.
We now take into account the normalization of the wave function ψ w , in order to eliminate C 2 . With the aid of Eqs. (58) and (59) of [16] , the normalization condition, with N orm ≡ 1, can be written in the following form:
We divide (B15) by N orm and substitute for the coefficients E i to obtain
2f f * κ(1 + ν 2 ) 9 + 8κ(1 + ν 2 ) 1 + 4κ(1 + ν 2 ) ,
We substitute κ = 1/ and expand with respect to ≡ 1/κ with the result
There is still an implicit dependence by the ansatz (5) for ν and γ 0 . In L 1 , the dependence leads to higher order terms which have to be omitted. After setting ν = 1 in L 1 , one finds
Taking into account ν = 1 + ν 1 in the L 0 term, we arrive at L z = κ/2 + /4(1 + 2 ν 1 ) + O(1/κ).
The classical value of the angular momentum is given as L cl = m x I v I . By (10) , one obtains L cl = L z + O(1/κ), this means agreement in the first two orders with respect to κ ≡ 1/ .
As to the components L x and L y , the mean value calculations differ by the amplitude functions p z → p x,y which read in its primary forms p x = a 1 −2u 1 u 2 u 3 − u 4 (u 
After generating the components u i by parameter differentiation and after using the explicit expressions for A, a, and Γ R , the amplitude functions factorize as follows:
where the p x,y do not depend on φ. The sin(φ) factor leads to the zero result of the φ integral and, thus, to L x = L y = 0.
